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Dierent descriptions of massive self-dual vector elds in three dimen-
sions have been shown to exists both in the Abelian and non-Abelian cases
[1]-[4]. The action is either linear in derivatives (the self-dual model) or
quadratic with a topological mass term [5]. The connection thus established
between dierent models was recently exploited to analyze relevant super-
symmetric models [4] and also to derive bosonization rules for three dimen-
sional fermionic systems [6]. A phase space analysis of the connection in the
abelian case can be found in [7].
Trying to overcome some complications that arise in establishing the con-
nection in the non-Abelian case [4] a \large" BRST invariance was exploited
in ref.[8] in connection with non-Abelian bosonization in d = 3 dimensions.
It is the purpose of this work to use this BRST invariance to show that the
dierent models studied in [1]-[4] can all be described by a unique partition
function related to the classical limit of the Chern-Simons theory partition
function.
Let us start by considering the following (Euclidean) path-integral for a











Here SCS[b] is the Chern-Simons action,
SCS[b] = i" tr
Z
M




~b() is a complete set of gauge equivalence classes of flat connections and M
an oriented three manifold. Note that the constraint on the path-integration
domain imposed by the delta functional in eq.(1) corresponds to saturate the
path-integral with the solution of the classical equations of motion for the
Chern-Simons action,
"F [b] = 0: (3)
In this sense, we could think of Z as the partition function for a Chern-Simons
theory restricted to the classical sector. With this restriction, the CS theory
which is a Schwartz type topological theory becomes a Witten type topolog-
ical theory [9]. Indeed, if one considers the most general transformation for
b,
b ! b +  (4)
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But, when the -function constraint is included as in (1), this non-invariant
term vanishes. Then, the model dened through partition function (1) has
a \large" topological invariance as it occurs in Witten type theories and,
associated with it, it posses, as we shall see, a\large" BRST invariance. Now,









We then see that the partition function (1) picks contributions solely from the
classical sector of the CS theory since only the phase of the CS invariant of
the flat connection b(), SCS[b
()], appears in (6). This should be contrasted








Now, due to eq.(6), it is evident that one can connect the theory dened by






















That is, the limit of  ! 1 of our model coincides with the same limit of
the (complete) CS model.
According to the manifold, ZCS can be evaluated using dierent ap-
proaches [10]-[11]. In particular, for a manifold M = S2  S1, one has
ZCS[S
2  S1; G] = 1 for any G and any k, a result which can be consid-
ered as a normalization denition for the partition function of CS theories in












which behaves as Z  k−3=2 for large k. Finally, under some circumstances
(in particular, when there are no ghost and auxiliary elds zero modes) the
partition function for the Chern-Simons theory can be studied in the weak
coupling limit. We thus see that according to the manifold and the group,
one can compute the k !1 limit of the CS partition function which can be
identied with our starting partition function (1).
In order to make apparent the BRST invariance referred above, let us
concentrate on an element of the equivalent class of flat gauge connections
(i.e. on a given term in the sum dened in eq.(1)) and write the delta
functional of eq. (1) in the form [8]
[b − g
−1@g] = j det(2"D [b])j["F [b]] (11)




DbDADcDc exp(−Seff [b; A; c; c]) (12)
where








d3x (AF[b]− 2cD [b]c): (13)
Here A is a one-form Lagrange multiplier introduced to represent the delta
functional and c and c are one-form ghost elds introduced to exponentiate
the determinant in (11).(We have omitted a group volume factor in (12).)
The partition function (12) can be rewritten as
Z =
Z
DbDADcDcDdDlD exp(− ~Seff [b; A; c; c; d; l; ]) (14)
where














d3x [(A + 2d)F[b]− 2cD [b]c] (15)
Here d is a one form auxiliary eld taking values in the Lie algebra, l a
scalar and  an antighost eld. Integrating out l constrains d to be zero so
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that (14) is trivially equivalent to (12). One can see that ~Seff possesses an
(o-shell nilpotent) BRST symmetry with transformations dened as
b = c c = 0
c = A + 2d A = −2c d = c (16)
 = l l = 0










F [b] + dd) (17)
and we have dened F[b] = "F[b]. In view of the BRST invariance
we can add BRST exact forms to ~Seff , without changing the physics of the
model. If we choose a functional G = i(g2=)
R
d3x cA with g an arbitrary
constant carrying units of mass, [g2] = m and add G to the eective action
one generates a mass term for the A eld so that, after integrating out l
giving d = 0, one nally ends with






















We thus see that ~Seff can be interpreted as the quantum version of the \mas-
ter" action introduced, in the Abelian case, in refs.[2] in order to establish the
equivalence between the massive self-dual theory and the topologically mas-
sive gauge theory [1]. In the abelian case one can easily see this connection
starting from the master action and integrating out either A or b [6]. Now,
in the non-Abelian case, due to non-quadratic terms appearing in the CS
action, this exact integration is not possible so that the equivalence between
the massive non-Abelian self-dual model and Yang-Mills-Chern-Simons (or
topologically massive) theory cannot be proven in such a way.
More specically, starting from
Z =
Z
DADbDcDc exp(− ~Seff [b; A; c; c]) (19)
5




















We thus see that, at least in the strong-coupling regime (g2 !1), where the
ghost integration trivially decouples, Z corresponds to the partition function
of topologically massive gauge theory: limg2!1 Z = Ztop.
Now, as stated above, interchanging the order of integration (rst inte-
grating over b) does not lead to a simple theory for the A eld (as one does
in the Abelian case). However, if exploiting BRST invariance we add to ~Seff
a BRST exact form H, thus dening :





d3x fc ([b ; A + 2d]− (b − d)(A + 2d))g
(21)
then, after integration over auxiliary elds, non-quadratic terms accommo-
date in the form rst written in [3] so that the b integration can be trivially























After performing the shift b ! b − A, the integration over b and the















result which was not obtained in ref.[3].
We have then established a new series of equivalencies which is summa-
rized in Figure 1. The original constrained Chern-Simons model becomes,
after addition of a BRST exact form G an eective model which, after
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integration over the Lagrange multiplier A, corresponds to a class of topo-
logically massive model. In fact, in the g2 ! 1 limit it coincides with the
Yang-Mills-Chern-Simons theory originally introduced to topologically gen-
erate a mass for the gauge eld [5]. If one still adds an appropriate BRST
variation the "integration over the eld b" can be easily performed resulting
in the partition function for a self-dual model.
It is important at this point to analyze the issue of symmetries in the dif-
ferent models we have connected. We started with a constrained CS model
endowed with gauge symmetry. Indeed, the theory dened by partition func-




g ! hg: (26)
This symmetry is maintained after introduction of the Lagrange multiplier
eld A and ghosts provided their transformation laws are of the form
A ! h
−1Ah; c ! h
−1ch; c ! h
−1ch (27)
Now, after addition of the BRST exact form to pass from ~Seff to S^eff this
invariance is spoiled. It is then no surprise that we arrive to a self-dual model
in which the presence of the CS action makes evident that transformation
(27), ensuring that A transforms covariantly and not as a gauge eld, does
not leave invariant the action. Remarkably, one can overcome this problem
by introducing a supplementary vector eld V precisely as advocated in
ref.[3].
Indeed, let us consider the following action, modication of ~Seff by ad-
dition of the eld V taking values in the Lie algebra of G,
Seff = ~Seff [b; A; c; c; d; l; ] + S[V − d] + K: (28)
Here S[V ] is the action giving dynamics to the V eld and K will be chosen
so as to establish connections, analogous to those discussed above, but now
in the presence of the vector eld V. Consider the partition function
Z =
Z
D exp(−Seff ) (29)
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where  represent the complete set of elds now including V. We impose to
V the BRST transformation law
V = c (30)




Let us consider a family of functionals K, depending on a parameter ,
dened as





d3x (c[b − V ; A] + c(A + 2d)(A + 2d))
(32)
One can easily see that the resulting eective action is invariant (after inte-
gration over auxiliary elds) under gauge transformations (27), (31). Indeed,


























which corresponds for  = 0 to the quantum version of the action eq. (11)
of ref.([3]).
Now, with the choice  = 0, Seff becomes quadratic in A and one can
perform the path-integral thus obtaining
Z =
Z
DbDV exp(−S[b; V ]) (34)
with
S[b; V ] = −
1
2








d3x F [b] [g





log det[g2 − 2"(b − V)] (35)
This expression corresponds to the quantum version of the action discussed
in ref.([3]) (see eq.(13) of that paper).
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If one instead tries to rst integrate out b, cubic terms prevent explicit
integration. However, one can perform a change of variables that factors out
trivially this integration leaving the exact partition function for the A and
V elds. Indeed, if we dene b
0
 = b + A the eective action reads, in





0] + S^[A; V ] (36)
where














d3xAA + S[V ] + log det(g
2 −
D[V ]) (37)
At the partition function level, the b0 integral trivially factors out so that
S^[A; V ]) determines the quantum theory which, for  = 1=3 , corresponds to
the rst order action discussed in [3] (see eq.(9) in this reference). Finally, for
 = 2=3 we obtain an action S[A; V ] which makes contact with the starting
action of eq. (1) in that paper, describing the dynamics of a massive self-dual
non-Abelian gauge eld.
We have thus shown both the quantum version of the dualization of the
ref. [3], dualization which was only achieve in ref. [3] using in fact a modied
version of its eq. (1), and the existence of a quantum dualization using strictly
this eq. (1) at the classical level.
This extends the picture we established when V was absent connecting
self-dual models with topologically massive models and summarized in Figure
1. By incorporating the V eld, we have extended these connections so as to
include models which were discussed in the context of Supergravity in ref.[4].
The new connections are now displayed in Figure 2.
Up to this point our analysis was presented at the level of the partition
functions of the dierent models. We shall end this work by briefly explaining
how we can incorporate external sources to promote these connections to the
level of generating functionals of Green’s functions. In particular, we shall be
able to establish that the Green’s functions for A in the self-dual model with
partition function (23) are those for "F[b] in the topologically massive
model with partition function (20), showing thus the following connection :
A ! "F[b] : (38)
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To this end, let us consider the following path-integral :
Z[s] =
Z




where ~b(s) is dened through
"F[~b(s)] = s: (40)
After exponentiating the delta functionals by introducing as in the sourceless
case a Lagrange multiplier A, introducing ghosts for the Faddeev-Popov
determinant and auxiliary elds, and using BRST transformations to write
As = (c)s, one ends with the analogous of eqs.(18, 19)
Z[s] =
Z
DbDADcDc exp(− ~Seff [b; A; c; c ; s]) (41)
with



























As in the sourceless case, if we \integrate (41) over b", i.e. adding (before
integration over the auxiliary elds) the BRST exact form H as in (21) and
performing the shift b ! b − A, we end with the generating functional for









If instead we integrate (41) over A we end with a generating functional for




























The equivalence between (43) and (44) implies by dierentiation the connec-
tion (38) up to a coecient. The same procedure can be followed in order
10
to add sources to the model dened by the partition function (29) which
includes the supplementary eld V. We shall not repeat the steps here.
In conclusion: dierent descriptions of massive self-dual vector eld the-
ory in three dimensions can be linked together with the aid of a general
BRST symmetry. Moreover, all of these models are descendent of a primal
topological eld theory, related to the classical limit of the CS theory. The
introduction of external sources allows us to nd the precise correspondence
between the basic elds in the dierent theories.
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D exp(−S^eff )Z =
R
DA exp(−SSD)
Self-Dual Models Topologically Massive Models
Figure 1
Connections between dierent models.
Z =
R









D exp(−Seff ) - Z =
R
DbDV exp(−S[b; V ])





DADV exp(−S[A; V ])
Self-Dual Models Topologically Massive Models
Figure 2
New connections when the vector eld V is considered.
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